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ON THE DIVERGENCE OF THE ROGERS-RAMANUJAN
CONTINUED FRACTION ON THE UNIT CIRCLE

DOUGLAS BOWMAN AND JAMES MC LAUGHLIN

ABSTRACT. This paper studies ordinary and general convergence of the Rogers-
Ramanujan continued fraction.

Let the continued fraction expansion of any irrational number ¢ € (0, 1)
be denoted by [0, e1(t), e2(t), - -] and let the i-th convergent of this continued
fraction expansion be denoted by c;(t)/d;(t). Let

S={te(0,1):eip1(t) > ¢%® infinitely often},

where ¢ = (V5 4 1)/2. Let Ys = {exp(2mit) : t € S}. It is shown that if
y € Ys, then the Rogers-Ramanujan continued fraction R(y) diverges at y.
S is an uncountable set of measure zero. It is also shown that there is an
uncountable set of points G C Yg such that if y € G, then R(y) does not
converge generally.

It is further shown that R(y) does not converge generally for |y| > 1.
However we show that R(y) does converge generally if y is a primitive 5m-th
root of unity, for some m € N. Combining this result with a theorem of I.
Schur then gives that the continued fraction converges generally at all roots of
unity.

1. INTRODUCTION
An infinite continued fraction is an expression of the form

a
bo + !

as
b1 +

b

as
2+b3+._.

The a;’s and b;’s can be real or complex numbers or functions of one or more
variables. To save space, a continued fraction is often written as

b

+Cl1 as as
b+ by by o

or as bg + K22 a,/b,. Let f, denote the n-th approzimant of this continued

fraction, namely,
as as Qp

ai
b+ Gz . .
o= B+ B+ e + 5,
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If the sequence { f,}52; has a limit, then the continued fraction is said to converge.
Otherwise, it is said to diverge.

We also consider f,, as a rational function in the variables aq, ..., an, bo,. .., bx.
Let P, denote the numerator and @,, denote the denominator (so that P, is the
n-th numerator convergent of the continued fraction by + K32 a, /b, and Q,, is its
n-th denominator convergent). It is well known (see, for example, [8], p.9) that the
P,’s and Q,,’s satisfy the following recurrence relations:

P, =b,P,_ 1+ anP,_2,
Qn = annfl + anQn72~

It is also well known (see also [8], p.9) that, for n > 1,

(1.1)

(1-2) PoQn-1— P 1Qn = (_1)n—1 Hai-

This paper makes a detailed study of the convergence behaviour of the celebrated
Rogers-Ramanujan continued fraction R(z), which is defined for |z| < 1 by

15 0 42 8

1 +1+ 1414
Put K(z) = 2'/°/R(x). Tt is irrelevant to our work which fifth root is chosen. We

are concerned only with questions of convergence, and each approximant to R(x)
can be written as 2/ x r(x), where r(z) is some rational function of z.

(1.3) R(z) =

1.1. History. This continued fraction is probably best known through its connec-
tion with the famous Rogers-Ramanujan identities:
[e'e] n? 1

@ Dn jl;[o 1 — @7t (1 — goitdy’

n—0 (% @)n j=0 (1 — ¢Pi+2)(1 — g% +3)’
where
n—1
(@g)o:=1, (a0 = [[(1 = ad), gl <1.
=0

The connection of these identities with the Rogers-Ramanujan continued fraction
is that

00 n2
En:O (;W

o) n24n
Zn:O ((I(],W
The Rogers-Ramanujan identities have a curious history ([5], p. 28). They were
first proved by L.J. Rogers in 1894 ([I4]) in a paper that was completely ignored.
They were rediscovered (without proof) by Ramanujan sometime before 1913. In
1917, Ramanujan rediscovered Roger’s paper while browsing a journal. Also in

1917, these identities were rediscovered and proved independently by Issai Schur
([15]). There are now many different proofs.

K(q) = . el <L
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Some of the theorems and results in Ramanujan’s historic letter to the Eng-
lish mathematician G.H. Hardy in 1913 ([I1], p. xxviii) concerned this continued
fraction. One of the results from this letter is the following;:

R(e?) = /5+2\/5 B \/52+ L

One area of research has been to try to evaluate R(q) for various ¢ inside the unit
circle, and indeed many explicit evaluations of R(e~™v") and R(—e~"V") have been
given for n € QT, some of which were asserted by Ramanujan without proof (see,
for example, [2], [3], [12] and [16]).

In the same letter, Ramanujan states that if f := R(q) and ¢ = R(¢°), then

1—2¢ 4 4¢° - 3¢° + ¢*
1+ 3¢ +4¢? + 293 + ¢*

Similar modular equations between R(q) and R(g™) exist for all n € N, but not
many have been stated explicitly. (Jinhee Yi recently found and proved one in [I6],
forn=17)

The easiest results on convergence are obtained via the important theorem of
Worpitzky (see [8], pp. 35-36), which gives that R(x) converges to a value in C for
any z inside the unit circle.

=9

Theorem 1 (Worpitzky). Let the continued fraction K an/1 be such that |a,| <
1/4 for n > 1. Then K2 an/1 converges. All approximants of the continued

fraction lie in the disc lw| < 1/2, and the value of the continued fraction is in the
disk |w| < 1/2.

Suppose |g| > 1. For n > 1, define

2 3 n
q q q
Knl@)=1+7, T, 7 1

=

+ o

Then

. 1
jhjgo Kajii1(q) = m,

4
lim Ko;(q) = KU),
J—0o0 q
This was stated by Ramanujan without proof, and was proved by Andrews, Berndt,
Jacobsen and Lamphere in 1992 ([1]).
This leaves the question of convergence on the unit circle. Schur showed in [15]
that if z is a primitive m-th root of unity, where m = 0 (mod 5), then K (x) diverges,
and if x is a primitive m-th root of unity, m # 0(mod 5), then K (x) converges and

(1.4) K(z) = AaU=ATm/5 (),

where A = (%) (the Legendre symbol) and o is the least positive residue of

m (mod 5). Note that (1 — Aom)/5 is an integer for each m # 0(mod 5), and
that K(1) = ¢ = (v/5+1)/2 and K(—1) = 1/¢. It follows that R(z) takes only ten

possible values at roots of unity. For later use we define these ten values, {R; }}0:1,
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by

(1.5) Rj = ¢ exp(27ij/5)
(b I = =

Remark. Schur’s result was essentially proved by Ramanujan, probably earlier than

Schur (see [10], p.383). However, he made a calculational error (see [6], p.56).

Summary. The question of convergence for the Rogers-Ramanujan continued frac-
tion has been settled inside the unit circle, outside the unit circle and at roots of
unity on the unit circle.

Question. Does the Rogers-Ramanujan continued fraction converge or diverge at
a point on the unit circle which is not a root of unity? This has been open since
Schur’s 1917 paper.

One difficulty. By Schur’s result, the unit circle contains a dense set at which
K (q) converges and another dense set at which K(q) diverges. Most conver-
gence/divergence criteria depend either on certain inequalities involving the ab-
solute value of the partial quotients or on the partial quotients lying in certain
open sets. Obviously neither type of criterion is applicable here.

1.2. Divergence of the Rogers-Ramanujan continued fraction on the unit
circle. Here we prove a theorem which shows the existence of an uncountable set
of points on the unit circle at which R(q) diverges. We also give explicit examples
of such points.

Before stating our theorem, we need to introduce some more notation. Let
the regular continued fraction expansion of an irrational ¢ € (0,1) be denoted
[0;e1(t), e2(t), es(t), . ..] and let the i-th approximant of this continued fraction be
denoted ¢;(t)/d;(t).

We prove the following theorem.

Theorem 2. Let

(1.6) S={te(0,1):ei1(t) > ¢%® infinitely often}.

Then S is an uncountable set of measure zero, and if t € S and y = exp(2mwit), then
K(y) diverges.

An example of a point in S is contained in the following corollary of Theorem

Corollary 1. Let t be the number with continued fraction expansion equal to
[0,e1,ea, -], where e; is the integer consisting of a tower of i twos with an i
an top. For example,

2 23
t=1[0,2,22,22" ..
— (0.484848484848484848484848484848484848484848484848484848484
84848484848484848484849277885083112437522992318812011 - - - .

If y = exp(2mit), then K(y) diverges.

The key idea here is to construct real numbers ¢ in the interval (0,1), each of
which has the property that the sequence of approximants to its continued fraction
expansion contains a subsequence of approximants which are “sufficiently close” to
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t in a certain precise sense. (Recall that is possible to construct a real number ¢ for
which the m-th approximant ¢, /d,, in its continued fraction expansion is as close
to t as desired by making the (m + 1)st partial quotient e,,11 sufficiently large.)
If y := exp(2wit) and x,, := exp(2wicy,/d,,), then y and z,, are close enough to
keep Qa,,—1(y)Qa,,—2(y) close to Qa,,—1(zm)Qd,,—2(xm) for the infinite sequence
{dm}2_;. A result from Schur’s paper ([15]) gives that |Q4,, —1(Tm)Qd,,—2(zm)| <
4. However, it will be shown that if K (y) converges, then lim,, o0 |Qn (y)Qn-1(y)| =
oo. The fact that Qq,,—1(y)Qa,,—2(y) stays close to Qa,,—1(m)Qa,, —2(zm) (which
lies in the disc of radius 4 about the origin) for the infinite sequence {dm,}>>_;
means that lim, oo |Qn(y)@n—1(y)| # co. Thus K(y) does not converge.

1.3. The nature of the non-convergence. An interesting question is what forms
can divergence take. In fact there are uncountably many points y on the unit circle
such that R(y) has subsequences of approximants tending to all ten of the R;’s
defined by (LH). We prove the following proposition.

Proposition 1. There exists an uncountable set G* of points on the unit circle
such that if y € G* then there exist ten sequences of positive integers, {nm}zl,
1 <j <10, such that lim; .o Ry, ;(y) = R;.

Here {R; }jlozl is the set of ten values taken by the Rogers-Ramanujan continued
fraction at roots of unity, as defined by (LH), and R;(y) is the i-th approximant of
R(y). This proposition is not strictly necessary for the proof of any of our theorems,
but we find the existence of the set G* to be of interest. It is possible to give explicit
examples of such points in G*. We have the following corollary to Proposition [Tl

Corollary 2. Let the sequence of integers {a;}32, be defined by

{a17a27 o } = {072a 172a 170a07 ]-a 27 170727274}7

where the bar indicates that the sequence under it repeats infinitely often. Let t be
the number with reqular continued fraction expansion given by

t= [Oagl+a/1592+a2593+a35"']7

where g; is the integer consisting of a tower of i sixteens with an i an top and the
a;’s are as above, i.e.,

3
t::[0,16,161624—2,161616 1,0
— 0.06249999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999782707631005156114932594461198007415603592189407975407
1725266194446089419127033011861051603999 - - - .

If y = exp(2mit), then R(y) has subsequences of approzimants tending to all ten
values taken by the Rogers-Ramanujan continued fraction at roots of unity.
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1.4. General convergence. In [7], Jacobsen revolutionised the subject of the con-
vergence of continued fractions by introducing the concept of general convergence.
General convergence is defined, see [8], as follows.

Let the n-th approximant of the continued fraction

ai
M =bo+
az
b1 +
b + L
2 bs + o
be denoted by A, /B, and let
o Ap +wA,
Sp(w) = B. T wB, .
Define the chordal metric d on C by
2 — w|

(1.7 d(w, z) =
: : V1w 1+
when w and z are both finite, and

1

\/1+|w|2'

(The chordal distance d(w, z) between two points w and z in the complex plane is
simply half the length of the chord joining their images on the unit sphere centred
at the origin, via stereographic projection to the north pole. This metric is used in
cases where the point at infinity is not supposed to be singled out as different from
other points in the complex plane, as is the case for general convergence.)

d(w,00) =

Definition. The continued fraction M is said to converge generally to f € C if
there exist sequences {v,}, {w,} C C such that liminf d(v,,w,) > 0 and

lim S, (vy) = lim Sy(w,) = f.

n—oo n—oo
Remark. Jacobsen shows in [7] that, if a continued fraction converges in the general
sense, then the limit is unique.

The idea of general convergence is of great significance because classical conver-
gence implies general convergence (take v, = 0 and w, = oo, for all n), but the
converse does not necessarily hold. If a continued fraction converges in the general
sense, but not in the classical sense, computing the limit in the general sense is just
as easy as computing the limit for continued fractions that converge in the classical
sense, i.e., it is computationally effective. Moreover, general convergence is a useful
method of accelerating the convergence of continued fractions which converge al-
ready in the classical sense. In summary, general convergence is a natural extension
of the concept of classical convergence for continued fractions.

In regard to the Rogers-Ramanujan continued fraction, some natural questions
are the following;:

1) Does K (q) converge generally if ¢ is an m-th root of unity and 5|m?

2) Does K (q) converge generally if |g| > 17

3) Does K (q) converge generally if |¢| = 1 and ¢ is not a root of unity?

We will show that the Rogers-Ramanujan continued fraction converges generally
at primitive 5m-th roots of unity, for each m € N. This is in contrast to classical
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convergence, where the Rogers-Ramanujan continued fraction diverges at primi-
tive 5m-th roots of unity. We further show that the Rogers-Ramanujan continued
fraction does not converge generally outside the unit circle. We also have the fol-
lowing theorem on divergence in the general sense on the unit circle. (For details
see Theorem [l in Section [l)

Theorem . There is an uncountable constructible set G of points on the unit
circle such that if y € G, then K(y) does not converge generally.

We also show that when y is the point in Corollary[Il above, the Rogers-Ramanu-
jan continued fraction does not converge in the general sense either.

Corollary 3. Lety be as in Corollary[. Then K (y) does not converge generally.

2. DIVERGENCE IN THE CLASSICAL SENSE ON THE UNIT CIRCLE
Before proving Theorem 2] we need some preliminary results. For n > 1, let

denote the n-th approximant of K(x). It follows from (I2) that if |z| = 1, then,
forn >1,

(2.1) |Pa(2)Qu1 () = Qu(a) Pas ()] = 1.

Suppose K(q) converges to L € C at ¢ = y, so that lim, .. Pn(y)/Qn(y) = L.
Then

Qn (y) anl(y)
It follows that

Pu(y)  Paa(y) ‘

(22) 0= lim

n—oo

Paly) _ Paa(y) ‘ _ lim ‘Pn(y)Qndy) —Pnl(y)Qn(y)‘
Qn(y)  Qn-1(y) Qn(y)Qu-1(y) '

Thus by (1) and @22) it follows that if K(y) converges, then
lim Qn(y)Qn-1(y) = oo.
n—oo

We will exhibit an uncountable set of points on the unit circle for which this fails
to happen.
It follows from the recurrence relations at (ILT]) that

(2.3) Qni1(2) = Qu(x) + 2" Qu1(2).

It follows easily from (2.3)), the triangle inequality and a simple induction that, for
n > 2,

(2.4) |Qn(l‘)| < Fn-‘rla

where {F;}22, denotes the Fibonacci sequence defined by Fy = F; =1 and Fiy; =
F; + F;_1. For the following lemma, we recall that the regular continued fraction
expansion of an irrational number ¢ € (0,1) is denoted [0; e1(t), ea(t), es(¢), ... ] and
that the i-th approximant of this continued fraction is denoted ¢;(¢)/d;(t).

n—oo
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Lemma 1. With the notation of Theorem[2, fort € S, we have
Ci(t) 1

" aw| < T@zen®

for infinitely many i.

Proof. Let i be one of the infinitely many integers for which e; 1 (t) > ¢%®), and let
tiv1 = [eir1(t), €ira(t), .. .] denote the i-th tail of the continued fraction expansion
for t. Then

ci(t) ‘ _

tit1C; (t) + Ci_l(t) C; (t) ‘

1
T GOl di(t) + di1(0))
< 1 < 1

di(t)(eir1(t)di(t) +di-1(t)) ~ di(t)2ph®”
O

Lemma 2 Let 2 and y be two points on the unit circle. Then, for all integers
n >0,

(2.5) Qn () = Qn(y)] < n?¢"|z —y|
and
(2.6) |P(z) = Pa(y)] < (n+1)¢" |z —y|.

Proof. The assertions of the lemma can easily be checked for n =0, 1.

Let 8; =|Qi(z) — Qi(y)| and §; = (i + 1) Fi|z — y|. From Z3) and (24) it easily
follows that

(27) Bn < ﬂnfl + ﬂn72 + 5n71~

We now claim that, for r =2,...,n —1,
r—1

(28) ﬂn S FrﬁnfrJrl + Frflﬂnfr + Z F’L(Snfz
i=1

The claim is true for r = 2 by (7). Suppose it is true for r = 2,...,s. Then

s—1
ﬂn S Fsﬁnferl + stlﬂnfs + Z Fi(snfi
i=1
s—1
S Fs (ﬁn—s + Bn—s—l + 5n—s) + Es—lﬁn—s + Z Fién—i
i=1

= s+16n75 + Fsﬁnfsfl + Z Fi(snfiv
i=1

and (Z8) is true by induction for 2 <r <n —1.
1The authors wish to thank the referee for pointing out that Lemma Bl may also be obtained

from Bernstein’s inequalities for trignometric polynomials (Theorems 1.2.3, 1.2.4, pp. 531-532 of
[9], or in [4]).
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Recall that 31 = 0 and B2 = |(1 + 2?) — (1 + ¥?)| < 2|z — y|. Now in (Z3J) let
r =n — 1. This gives
n—2 n—1

Bn < 2Fn—1|x _y| + Zﬂén—i = ZFz(n —i+ 1)Fn—i|x _y|

i=1 i=1

n—1
<S¢ n—i+ Dl -y
i=1

The last inequality uses the bound F; < ¢/. This last expression simplifies to give

n
B < @™ —yl > i <n’¢"z—yl.

i=2

Statement (2.6) follows similarly. O
To show our set S has measure zero, we use the following lemma.

Lemma 3 ([13]). Let f(n) > 1 forn=1,2,---, and suppose Y .- 1/f(n) < oc.

Then the set S* = {t € (0,1) : ex(t) > f(k) infinitely often} has measure zero.

We now prove the existence of uncountably many points on the unit circle at
which K(q) diverges.

Theorem [21 Let
(2.9) S ={te(0,1):ei1(t) > ¢%® infinitely often}.
Then S is an uncountable set of measure zero, and if t € S and y = exp(2mwit), then

K(y) diverges.

Proof. Let t € S with approximants {c,/d,},. Let y = exp(2mit) and let z,, =
exp(27i ¢, /dy). Schur showed in [15] that if x is a primitive m-th root of unity,
then, depending on the congruence class of m(mod 5), Qm—1(z) and Qm—2(z) are
each either 0, 1, a root of unity or the sum of two roots of unity (see Table[l). Tt
follows that

(2.10) max{ [Qd,-1(zn)], [Qd,—2(zn)| } < 2.
TABLE 1.

m P2 P Qm—2 Qm-1

5M 0 _me/B _ x72m/5 _x2m/5 _ x72m/5 0
5/J/+ 1 x(l—m)/5 1 O m(—1+m)/5
Spu—1| xl+m/e 1 0 g(—1=m)/5
5‘LL+ 2 _x(1+2m)/5 0 1 _x(7172m)/5
5# _9 _x(l—Qm)/5 0 1 _x(_1+2m)/5
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We use, in turn, Lemma 2] the fact that chord length is shorter than arc length,
and Lemma [[] to get that, for infinitely many n,

(2.11) Qa,—1(xn) = Qa,—1(y)| < (dn — 1)*¢™ a, — |
< (dp — 1)2¢% 121 CCZ—" — t‘

< (! 22—7r<4
dn o '

2
(2.12) Qu-afen) - Qu.a)l < (272) 25 <

We apply the triangle inequality to ([210) and 2I2) and use 2I0) to get that
|Qa,,—1(y)| < 6 and |Qq,.—2(y)| < 6. Finally, we deduce that

|Qa,—1(y)Qa,—2(y)| < 36.
Since this holds for infinitely many terms of the sequence {d,}52, it follows that

Jim Qn(y)@n-1(y) # oo,

and thus K (y) does not converge.
We next show that S has measure zero (it is clearly an uncountable set). Let
f(i)=¢F,i=1,2,---. Then it follows that > .o, 1/f(i) < cc. Let

S* ={t € (0,1): ej11(t) > ¢F** infinitely often},

Similarly,

4.

so by Lemma(B]), S* has measure zero.

Recall that S = {t € (0,1) : e;41(t) > ¢%(®) infinitely often}. We have S C S*,
since d;(t) > Fjy1, and thus S, being a subset of a set of measure zero, has measure
Z€ro. (]

For later use, we define Yg = {exp(2wit) : t € S}, where S is the set defined in
Theorem

Corollary [l Let t be the number with continued fraction expansion equal to
[0,e1,ea, -], where e; is the integer consisting of a tower of i twos with an i
an top. For example,
92 22
t=1[0,2,2%,2 o]
If y = exp(2mit), then K(y) diverges.

Proof. Denote the i-th approximant of the continued fraction expansion of ¢ by
¢i/d;. We will show that, for i =1,2,...,

(2.13) Civ1 > 9di - ¢d1

Then K (y) diverges by Theorem[Z. By the definition of the e;’s, we have that
gi+1

(2.14) 2% < ¢; 4 if and only if d; < 2’ 7

i twos
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where the notation indicates that the last integer consists of a tower of ¢ twos with
an i+ 1 on top. It can be easily checked that the second inequality holds for ¢ = 1, 2.
Suppose it holds for i = 1,2,...,7 — 1. Then

2T ZT ZT -1
dr =e€pdp_1+dp_o <2 x 2 +2
r twos (r—1) twos (r—2) twos
27" +1
<2 :
- —
r twos

Thus the first inequality in (2I4) holds for all positive integers i, and the result
follows. 0

3. GENERAL CONVERGENCE AT 5mTH ROOTS OF UNITY

We next consider the question of general convergence for the Rogers-Ramanujan
continued fraction when ¢ is a primitive m-th root of unity, where m = 0(mod 5).
As Schur showed in [15], K (z) does not converge in the classical sense in this case.
We have the following proposition.

Proposition 2. If x is an m-th root of unity, where m = 0(mod 5), then K(x)
converges generally.

Proposition [Z along with Schur’s theorem shows that K (z) converges generally
at any root of unity.

Proof of Proposition[d. From [15], for 0 < r < m,

(3'1) Pymyr = PTPgLfla quJrr = QrQ?yrQ'
Also from [T5] (see Table [),
Py = —a®™/® —g72m/5 Qu_y = —a™/5 —g7m/5,

Let {u,}22; be a sequence in C. Tt is convenient to separate n € Z*1 into residue
classes modulo m. We put n = gm + r. From @&1]),
(3.2)

<Pm1>qPr+unPT1 1<r<m-1

P, + unPpy_1 Qm—2 Qr + unQr_1

n T UnEn—
@ @ (Pm—1>qpm—1+unpm—1
Qm72 Qm72 + uan,1 ’

is in the second or third quadrant. Then

Suppose that z™/®

2r\  V6-1 ™ VBl
|Pm—1| = 2 cos (—) = < |Qm—2| = 2cos (g> = )

5 2 2
Hence
Pm—l
3.3 < 1.
( ) Qm72
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We now construct two sequences {v,} and {wy,} which satisfy the conditions for
general convergence at x. Let

Qr—l . Qrfl # 0} .
Put v, = M+ 1 and w, = M + 2, for n = 1,2,.... Hence liminf d(v,,w,) > 0,
and by B:2) and (33),
lim n bt gy et nbas
n—00 Qn +vpQn-1 10 Qp + wpQn_1
Thus K (z) converges generally to 0 in this case.
Next suppose that /% is in the first or fourth quadrant, so that

m 27
|Pr—1| = 2 cos (g) > |Qm—2| = 2cos (—) .

M = max{

1<r<m

5

Then

Pm—l
3.4 > 1.
( ) Qm72
In this case let .

_ s .
M = 12agxm{‘Pr1 c Py # O} .

As before, let v,, = M +1 and w,, = M +2, forn = 1,2,.... Hence liminf d(v,,, w,)

> 0, and by (3.2) and (B4),

lim Pn"‘vnpnfl — lim Pn"‘wnpnfl -~
n—co Qp + vpQn_1 n—co Qp + wpQn_1
Thus K (x) converges generally to oo in the second case. (I

4. GENERAL CONVERGENCE OUTSIDE THE UNIT CIRCLE

We next consider the question of general convergence for K(q) outside the unit
circle. It was proved in [I] that if 0 < |z| < 1, then the odd approximants of
1/K(1/z) tend to

r z? 28
while the even approximants tend to
4 8 12
x x x x
4.2 - = = — = Fy(x).
(4.2) T+ T+1T+1 + = 2@

By Worpitzky’s theorem each continued fraction does converge inside the unit circle
to values in C. It is not clear from (]) and @2) that F, () # Fy(x) for all 2 inside
the unit circle. However, it is an easy consequence of the Stern-Stolz Theorem that
K (q) diverges in the general sense for |q| > 1.

Theorem 3 (The Stern-Stolz Theorem [8], p. 94). The continued fraction by +
K2 ,(1/by) diverges generally if Y |by| < co. In fact,

lim Agpip = Py # 00, lim Bopip = Qp # 00,
n—oo n—oo

forp=0,1, where
P1Qo — PQ1 = 1.
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After an equivalence transformation to put K(g) in the form in the statement of
Theorem Bl we get that

1 1 1 1 1 1
g+ 1/g+1/¢* +1/¢* + 1/¢® + 1/¢* + -

K(q) =

It is clear that if |g| > 1, then > |b,| < oo, giving that K(g) does not converge in
the general sense.

5. GENERAL CONVERGENCE ON THE UNIT CIRCLE

In this section we prove the following theorem.

Theorem 4. Lett be any irrational in (0, 1) for which there exist two subsequences
of approximants {cy, /dy, } and {cg, /dg. }, integersr, u € {0,1,2, 3,4}, and integers
s, v € {1,2,3,4} such that

(5.1) cf, =r(mod 5), c¢g4, =u(mod 5),
dy, = s(mod 5), dg, =v(mod 5).
and
(5.2) enn41(t) > 2m(dp, + 1)2¢Tn 2000,
for all n, where h, = f,, or g,.
Suppose further that
(5.3) R(exp(2mir/s)) = Rq # Ry = R(exp(2miu/v)),

for some a, b € {1,2,---,10}. Let S°® denote the set of all t € (0,1) satisfying
ET), (B2) and E3), and set

(5.4) G = {exp(2mit) : t € S°}.

Then G is an uncountable set such that if y € G, then K(y) does not converge
generally.

Before proving Theorem [4], it is necessary to prove some technical lemmas. In
what follows, x is a primitive m-th root of unity, where m # 0(mod 5), ¢ =
(—V5+1)/2, K; = Kj(z), P; = Pj(z) and Q; = Q;(z), for j = 0,1,2,....

Frequent use will be made of Binet’s formula for Fj, namely,

oF — Gk

(5.5) F, =

Note that limy_. o Fk+1/Fk = ¢.

We also use the following facts, some of which can be found in [T5] and some
of which can be deduced from Table [ (also from [15]). For n > m, ¢ > 1 and
0 < r < 'm, we have the following equalities:

P,=P, 1P+ Pm72Qn7m;
Qn = Qm-1Ppn—m + Qm—2Qn—m,

qu+r = P(q—l)m-i—r + P(q—2)m+7"a

(5.6)

5.7
( ) qu+7“ = Q(qfl)err + Q(q72)m+r-
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For 0 < r < m, there exist constants b, and b; such that
(5.8) Qqmr = brd? + b7,

(5 9) Qmel = mela P2m71 = mel + ]-7
' P9 = Py_a, Qom—2=1+Qm-2.

Lemma 4. For g > 2,

(5-10) ¢q71 < |qu+m—1| < ¢q7

(5.11) If m=1,-1(mod5), then ¢*? < |Qumim—2| < 71,

(5.12) If m=2,-2(mod 5), then ¢? < |Qumim—2| < @71,
1 Q m+m—1

5.13 g | XamAmo ) 2

( ) ¢2 o qu-‘,—m—Z 7¢

Proof. From (B.8) and (&.9) it follows that

_ _1)at+1
Quqmim-1 = %(¢q+l — $TTL) = gt Q\v;f_:l (1 _ (¢21q)+2 ) .

From Table[, |Q,—1| = 1, and since q > 2, it follows that
¢q+1 ( 1 ) ¢q+1 < 1 >
1-—1]< m-+m— < 1+ )
Vs \' ") = Qmeml= T {145

and (BI0) follows easily.
Now apply (BR) with » = 2m — 2 and use the values from (59) to get that

\/Lg@q_&q)’ m =1, —1(mod 5),
qu—i—m—Q =
\%@HQ —¢1*2),  m=2,-2(mod 5).

If m =1, —1(mod 5), then
5a) 7 a)
—|1-—=) < m—+m— < — 1+ — )
5\ i) = 1Qmenel= R (1 G
and (&I1) follows. If m = 2, —2(mod 5), then

¢(1+2

1 @t? 1
7 () sl < T (14 55).

and (B.12) follows. Inequality (B13) is an immediate consequence of the preceding
inequalities. O

Lemma 5. Forq > 2,

1 1

(5.14) W < [Kgmtm-1(2) — K(z)| < pere
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1 1
(5.15) W < [Kgmim—2(2) — K(z)| < P22’
1
(5.16) max{|Rgmtm-1(z) — R(z)|, |[Rgm+m—2(x) — R(2)[} < 246"

Proof. Equation (X)) implies that
qu+7" = Fqu+r + Fq—lpr

and

quJrr - FquJrr + qulQr'
From (B.9) it follows that

querfl o FquImel + Fq

Kimym-1= =
amt ! qu—i—m—l Fq+1Qm—1
Let ¢ — oo to deduce
P, 1
K(z) = Prn1p+1
Qm—1¢

Since |Qm-1| =1,

F, 1] V5
Fq+1 ¢ ¢2q+2 (1 _ (71)q+1) '

$2aT2

[ Kgmtm—1 — K(x)| =

The last equality follows from Binet’s formula (&.5). Thus for ¢ > 2,

V5 V5

———— < |Kgmim-1 — K@) < ————
i 3) i)
Inequality (B:14) now follows.

Similarly,

qu+m—2 _ Pm—QFq—',—l
qu+mf2 Qm72Fq+1 + Fq ’

and it follows that
Pm72¢
Ka)= ———.
( ) Qm—2¢ + 1

We consider the cases m = 1, —1(mod 5) and m = 2, —2(mod 5) separately. In
the first case it can be seen from Table [l that @Q,,—2 = 0 and |P,,—2| = 1. In this
case,

For1 _ qg' — L
F, 24 (1 _ (gzlgq)

Inequality (5.I5) follows. For the second case, it can be seen from Table [ that
Qm—2 =1 and again |P,,_s| = 1. In this case

Fepr 1 V5

Foio o - p2atd (1 o (—1)q+2) )

Koz = K(o)] =

|KqM+m—2 - K(z)| =

$2aT4

and (BI8) again follows. Inequality (EI6) follows from (EI4) and (GI5H). O
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Lemma 6. Let g > 2 and let n = gqm+m —1 or gm +m — 2. Let y be another
point on the unit circle. Suppose Pp(y) = Pp(x) + €1, Qn(y) = Qn(x) + €2, with
e = max{|e|, le2|} < 1/2. Then

10e

P12

If ¢ > 3 and the angle between x and y (measured from the origin) is less than 5 /3
and € < 1/(20¢2), then

(5.17) [Kn(y) — Kn(z)] <

60
(5.18) |Ro(y) — Ru(@)| < 36|z — y| + ¢>—
and
60 1
(5.19) [Baly) = Rl < 30le — 4l + 255 + S

Proof. From the statement of the conditions in the lemma, we have that

3 o) — Pa(y)  Palz) _ €1Qn(z) — 2P, ()
n(y) = Knf@)] = ‘@n@) @) |~ | Q@) (@n(@) + 2)
= el JellPal) - Qul)]

S 10n@) + el | 1Qu@)][@n (@) + 2]

_ _la—ef | lellKa(@) -1
|Qn(x) + 62| |Qn(x) + 62|

T Y 1 (G0 R V|

~ 1@ ()] — ¢l |Qn (@) — €
Here we have used (5.14), (5.15) and the bounds on €; and €3 given in the statement
of the lemma. Since |K(z)| < ¢ and € < 1/2, it follows that

< 2€ n e
[|Qn(@)| —1/2]  [|Qn(z)] —1/2|

|Kn(y) — Kn(z)

_ 5€
~1Qu(@)] —1/2

< 10e .

S o2
The last inequality follows from (5.10), (5.11), (5.12). Similarly,
Y1/ 21/5

Ruy) — Ru(a)] — \

_ 'Kn<w)<y1/5 — a1/5) + a1/ (K () = Kn(y))
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|z —yl | [Ea(z) - Kn(y)]
T EKa(y)l K@) K (y)]

- |z — y| 10e/¢? 2
T ||Kn(z)| = 10¢/¢7 2| | K (2)| || Kn(z)| — 10/¢7 2|

Here we have used (B17) and the fact that the bound on the angle between z and y
implies that |y'/°—z'/%| < |z—y| (since this bound implies |1—(y/z)"/°| < [1—y/z]).
From (5.14), (5.15) and the bound on e, it follows that
|z —yl
S 2q—2 q
1K (2)] = 1/ = 1/(2¢%)]
+ 10e

¢172||K ()] = 1/¢*7%| ||K ()] = 1/¢° — 1/2¢7|
Since | K (z)| = ¢ or 1/¢, it follows that

[z —yl¢
1-1/¢*7% —1/(2¢°7")

|Rn(y) — Rn(z)

[Rn(y) — Bn(z)| <

10¢
R (Vs N (R Ve VIOV )

|z —yl¢
T 1-1/¢ - 1/(2¢%)

10e
T AU - P 1))

60e
Finally, (&.19)) follows from (5.16]) and (B.I8). O

Lemma 7. There exists an uncountable set of points on the unit circle such that
if y is one of these points, then there exist two increasing sequences of integers,
{n:}52, and {m;}32, say, such that

lim R,,(y) = lim R,,_1(y) = R,

11— 00 11— 00

lim R, (y) = lim R, —1(y) = Ry,

11— 00 11— 00
for some a, b € {1,2,...,10}, where a # b.
Proof. With the notation of Theorem H] let ¢t € S° and set y = exp(2mwit). Let

¢y, /dy, be one of the infinitely many approximants satisfying (G.1)) and (£.2), and
set ,, = exp(2micy, /dy, ). Then R(x,) = R, and

1

5.20 Tn — Y| < .
( ) | | d?n (dfﬂ + 1)2¢d§" +2dy,,

For the last inequality we have used the condition on the ep, y1’s in (&2) in the
same way that the condition on the e;11(¢)’s in (ZH) was used in Lemma [T, and



3342 DOUGLAS BOWMAN AND JAMES MC LAUGHLIN

the fact that chord length is shorter than arc length. Let k = d?n +dys, — 1 or
d?n +dy, —2. By ([235), Z6) and (E20) it follows that

1
(5.21) | P (zn) — Pe(y)| < W
and
1
(522 @) ~ Qi) < 51—
By (EI9), with k as above, ¢ = m = dy, and € = 1/¢%n, it follows that
(5.23) [Ri(y) — Ra| = |Ri(y) — R(zn)|
< 3¢ 60 1 < 500
= B 4y, + 1295 | Pt s S
Thus
(5.24) nhjgo Rd}nerfnq(y) = nhjrolo Rd’;lﬂ+d,,;2(y) = R,.
Similarly,
(5.25) Jim Rez 1a,, —1(y) = Jim Raz ta,,—2(y) = Ry

It is clear that S° is an uncountable set, and thus G = {exp(2wit) : t € S°} is
an uncountable set. g

Proof of Theorem [} Let y be any point in G, where G is defined in the proof of
Lemmal[7, and let ¢ be the irrational in (0, 1) for which y = exp(2mit).

Suppose R(y) converges generally to f € C and that {vn}, {wn} are two se-
quences such that

1

li P4+ v, Pra T P, +w,P,—1 _y3 L
im = lim —— = =g.

n—00 Qn + vnanl n—00 Qn + annfl f

Suppose first that |g| < co. By construction there exist two infinite strictly increas-
ing sequences of positive integers {n;}22;, {m;}52; C N such that

1
5 P,. P, _
La = Y — hm ng (y) _ hm [ 1(y)
R, oo an (y) o0 Qnifl(y)
and
5 P, P
Lb = Y _ 1 m,(y) _ 1 myg 1(y)

= lm = m —,

Ry i—00 Qmi (y) i—00 Qmifl(y)

for some a # b, a,b € {1,2,...,10}. Also by construction each n; has the form
d%i + di, — 1, where dy; is some denominator convergent in the continued fraction
expansion of t. Each m; has a similar form. It can be further assumed that L, # g,
since L, # Ly. For ease of notation, write

an(y) = Py, Qm(y) = Qn,,
Pn,:—l(y) = Pn,;—l; Qn,;—l(y) = Qn,:—l-
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Write P, = Qn, (Lo + €n,) and Pn,—1 = Qn,—1(La + p;), where €,, — 0 and
On, — 0 as ¢ — oo. Thus

Q’ﬂi (La + Eni) + wniQnifl(La + 6711)

where 7, — 0 as ¢ — oo. This last equation implies that
) ) .
(527) W, an Qn,, €n,; n;

+ = X .

Q’ﬂi*l mel g — La + Tng — 6774
Because of (EI3), the fact that each n; has the form dj + dy, — 1, where dy, is
some denominator convergent in the continued fraction expansion of ¢, and (5.22)),
it follows that Q,/Qn,—1 is absolutely bounded. Therefore the right hand side of
the last equality tends to 0 as ¢ — oo, and thus, as n; — oo,
(5.28) Wn,; + Qn,/Qn;—1 — 0.

Note that |wy,

< oo for all ¢ sufficiently large, since |Qn, /Qn,—1| < co. Similarly,
Qni (La + 6ni) + vniQnifl(La + 5nL)

( ) QTM + ’U?’Lf, Qn,;—l ‘LL
where f,, — 0 as ¢ — oo. This in turn implies that

=0.

as n; — oo. By (5.28), (5.30) and the triangle inequality, lim; .o [vn;, — Wy,
Thus liminf d(vy,, wy,) = 0.

Therefore R(y) does not converge generally. If g = co, then replace g + v, on
the right side of (5.26) by 1/v,,, and g — L, + 7y, in the denominator of the right
side of (B21) by —Lg + 1/7n,, where 7, — 0 as ¢ — oo, and the remainder of the
argument is the same.

Since G is uncountable, this proves the theorem. O

Remark. G is clearly of measure 0, as it is a subset of the set {y : y = exp(27it),t €
S}, where S is the set from Theorem

Corollary Bl. Let y be as in Corollary[. Then K(y) does not converge generally.

Proof. Let t € (0,1) be such that y = exp(2wit). Recall that t = [0,a1, a2, ...],
where a; is the integer consisting of a tower of ¢ twos with an ¢ an top. Modulo 5,
the approximants in the continued fraction expansion of ¢ are

{01123033140443202241}

(5.31)

U230 0820224101
where once again the bar indicates that the approximants repeat modulo 5 in this
order. In particular, there are two fractions, r/s and /v, say, such that (5.1 and
(E3)) hold. Thus it is sufficient to show that

1
2md?(d; + 1)2¢% +2d:”
for all ¢ > 3, where ¢;/d; is the i-th approximant in the continued fraction expansion
of t. In particular, (5:20) will hold, where {cy, /dy, } is the sequence of approximants

corresponding to r/s. A similar inequality holds for {cg, /dg, }, where {cg, /dg, } is
the sequence of approximants corresponding to u/v. This in turn will ensure that

Ci

d;

(5.32) ‘t -
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y € G, so that K (y) will not converge generally by Theorem ll We will show that,
for ¢ > 3,

(5.33) eiv1 > 16%.

This will be sufficient to prove the result. Indeed, let t;11 = [e;41, €i12,...] denote
the i-th tail of the continued fraction expansion for ¢t. Then

€iy1 > 16d12 — 42 d > 4ldi + 1)?
2 2 2
—o(di + 1) 9(di + 1) o org, 4 1)20 % + 24

This implies that

p_ G| |tmcitea G 1
d; tividi +di—1  di|  di(tip1d; +di—q)
1 1 1

< < < .
di(eir1di +di—1) ~ dieit 2md?(d; + 1)2¢d? +2d;

Thus all that remains is to prove (5:33). The proof of this inequality is similar to

that of 2I3)). To that end,

gi +1

2 -
(5.34) 16% < e;41 if and only if 4d2 < 2 :
i twos

where the notation indicates that the last integer consists of a tower of ¢ twos with
an i+ 1 on top. It can be easily checked that the second inequality holds for ¢ = 3, 4.
Suppose it holds for ¢ = 3,4,...,7 — 1. Then

4d* =4 (epdr_1 +dr_o)* <4(depd® | +4d> ,)?

ZT 2T ZT -1 2
<4|4x2 x 2 +4x2
S~—— N—~—
T twos (r—1) twos (r—2) twos
27" =+ 1
<2 .
il
r twos
Thus the first inequality in (5:34)) holds for all positive integers ¢ > 3, and the result
follows. 0

6. THE NATURE OF THE NON-CONVERGENCE ON THE UNIT CIRCLE

Proposition 0. There exists an uncountable set G* of points on the unit circle
such that if y € G*, then there exist ten sequences of positive integers {nivj};;’
1 <j <10, such that lim; .o Ry, ;(y) = R;.

Proof. The proof is similar to that of Lemma[7l Let
W = {Wl}zlil = {RG) R77 RS) R97 R107 R27 R3) R47 R5) R17 R87 R7}
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Note that W contains all ten of the values taken by the Rogers-Ramanujan contin-
ued fraction at roots of unity. Consider the continued fraction

(6.1) a=10,1,3,2,3,2,1,1,2,3,2,1,3,3,5 := [0, a1, as, . .. ].

Modulo 5, the approximants are
{91§2§9éé2922§}

6.2

( ) 1’1747471’1’2’3737272’454

where the bar indicates that, modulo 5, the approximants repeat in this order.
Let ¢t be any irrational in (0,1) such that, for ¢ > 1, the i-th partial quotient

b; and the i-th approximant ¢;/d; in its continued fraction expansion [0, b1, ba, .. .]

satisfy the following conditions:

(6.3) (i) b; = a;(mod 5),
.. C; 1
O 22 (d; + 1)2¢77+2d:

where the a;’s are as in (G.1I). Set y = exp(2mit) and let =, = exp(2wicy/d,), so
that
1

B(dy + 129720
Here we once again have used the fact that chord length is less than arc length.

Set r = n(mod 12), for n > 0. Then it can be easily checked, using (L4) and (6.2),
that

(6.4) |z, —y| <

(6.5) R(zn) = A,

Let k =d? +d, — 1 or d> +d, — 2. By (Z3), (Z6) and (64), it follows that

{Wr, r # 0,

| Py (zn) — Pi(y)| < ¢%

and
1
(6.6) Qu(n) — Qry)| < g
By (5.19), with k as above, ¢ = m = d,, and € = 1/¢% it follows that
3¢ 60 1
(6.7) |Ri(y) — R(zn)| < B T 1R T o T
500
S ¢2dn'

Next, for each j € {1,2,...,12}, define a sequence of integers {Siaj}j; by setting
$ij = dig(_1y4; T dizi-1)+s- By 68), R(z19-1)+5) = Wj, and so, from (6.1),
500
¢2d12(i—1)+j ’
500
¢2d12(i—1)+j '

|R(s, ,—1)(y) = Wj| <

|R(s, ,—2)(y) = Wj| <
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It follows that
Zlingo R(Si,j—l)(y) = Zlingo R(Si,j_Q) (y) = Wj'

Both results hold for 1 < j < 12. Since the set W contains all ten of the R;’s, the
result is proved for this particular ¢.

Let " denote the set of all such ¢ € (0,1) and set G* = {exp(2mit) : t € " }.
Clearly G* C Yg and is also uncountable. O

Corollary 2. Let the sequence of integers {a;}52, be defined by
{alv ag, - -- } = {07 2) 17 2; ]-7 Oa 07 ]-a 27 ]-7 07 27 274}7

where the bar indicates that the sequence under it repeats infinitely often. Let t be
the number with reqular continued fraction expansion given by

t= [Oagl+a/1592+a2593+a35"']7

where g; is the integer consisting of a tower of i sixteens with an i an top and the
a;’s are as above, i.e.,

2 163
t=10,16,1616" 42,1616 +1,...].

If y = exp(2mit), then R(y) has subsequences of approzimants tending to all ten
values taken by the Rogers-Ramanujan continued fraction at roots of unity.

Proof. Showing that the i-th partial quotient b; and the i-th approximant ¢;/d; of
the continued fraction expansion of ¢ satisfy the conditions in (6.3), for i =1,2,-- -,
will ensure that y € G*, where G* is defined in Proposition [l

The b;’s satisfy the first of these conditions by construction, and so it remains
to prove the second. By the same reasoning as used in the proof of Corollary Bl it
is sufficient to show that

2
gis1 > 16%

since b;+1 > gi+1. The details are omitted since the proof is almost identical, the
only real difference being that

160 +1

2 -
(6.8) 16% < gy1 if and only if d? < 16

ixX16’s

7. CONCLUDING REMARKS

The set of points on the unit circle for which we have shown that the Rogers-
Ramanujan continued fraction diverges has measure zero. This still leaves open the
question of convergence for the remaining points. We conjecture that the Rogers-
Ramanujan continued fraction diverges, in the classical sense and the general sense,
almost everywhere on the unit circle.

In later papers we will examine the question of convergence, on and off the unit
circle, of other g-continued fractions such as the Goéllnitz-Gordon continued fraction
and certain g-continued fractions studied by Ramanujan and Selberg.
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